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DE MORGAN SEMI-HEYTING AND HEYTING ALGEBRAS
HANAMANTAGOUDA P. SANKAPPANAVAR
Abstract. The variety DMSH of semi-Heyting algebras with a De Morgan
negation was introduced in [12] and an increasing sequence DMSHn of level n,
for n ∈ ω, of its subvarieties was investigated in the series [12], [13], [14], [15],
[16], and [17], of which the present paper is a sequel. In this paper, we prove
two main results: Firstly, we prove that DMSH1-algebras of level 1 satisfy
Stone identity, generalizing an earlier result that regular DMSH1-algebras of
level 1 satisfy Stone identity. Secondly, we prove that the variety ofDmsStSH
of dually ms, Stone semi-Heyting algebras is at level 2. As an application, it
is derived that the variety of De Morgan semi-Heyting algebras is also at level
2. It is also shown that these results are sharp.
1. Introduction
The variety DQDSH of semi-Heyting algebras with a dually quasi-De Morgan
negation was introduced and investigated in [12]. Several important subvarieties of
DQDSH were also introduced in the same paper, some of which are the follow-
ing: Subvarieties of DQD of level n, for n ∈ ω, the variety DMSH of De Morgan
(symmetric) semi-Heyting algebra, and DmsStSH of dually ms Stone semi-Heyting
algebras. The work of [12] was continued in [13], [14], [15], [16] and [17]. We also
note that the variety DMSH is an equivalent algebraic semantics for the proposi-
tional logic, called “De Morgan semi-Heyting logic” which is recently introduced in
[3]. Since the lattice of subvarieties of DMSH is dually isomorphic to the lattice of
extensions of the De Morgan semi-Heyting logic, the results of this paper and the
earlier papers in this series have logical counterparts in the corresponding (logical)
extensions of the De Morgan semi-Heyting logic; and, in particular, to De Morgan
Heyting logic.
In this paper, we present two main results: Firstly, we prove that the variety of De
Morgan semi-Heyting algebras of leve 1 (DMSH1 for short) satisfies Stone identity,
generalizing an earlier result that regular DMSH1-algebras of level 1 satisfy Stone
identity, proved in [15]. Secondly, we prove that the variety of DmsStSH of dually
ms, Stone semi-Heyting algebras is at level 2. As an application, it is derived that
the variety of De Morgan Stone semi-Heyting algebras is at level 2. Finally, it is
shown that these results are sharp.
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2. Preliminaries
In this section we recall some definitions and results needed in this paper. For
other relevant information, we refer the reader to the textbooks [1], [2] and [7].
An algebra L = 〈L,∨,∧,→, 0, 1〉 is a semi-Heyting algebra ([11]) if
〈L,∨,∧, 0, 1〉 is a bounded lattice and L satisfies:
(SH1) x ∧ (x→ y) ≈ x ∧ y,
(SH2) x ∧ (y → z) ≈ x ∧ [(x ∧ y)→ (x ∧ z)],
(SH3) x→ x ≈ 1.
Semi-Heyting algebras are distributive and pseudocomplemented, with a∗ := a→ 0
as the pseudocomplement of an element a. These and other properties (see [11])
of semi-Heyting algebras are frequently used without explicit mention throughout
this paper.
Let L be a semi-Heyting algebra. L is a Heyting algebra if L satisfies:
(H) (x ∧ y)→ y ≈ 1.
L is a Stone semi-Heyting algebra if L satisfies:
(St) x∗ ∨ x∗∗ ≈ 1.
The variety of Stone semi-Heyting algebras is denoted by StSH or just by St.
The following definition, taken from [12], is central to this paper.
DEFINITION 2.1. An algebra L = 〈L,∨,∧,→,′ , 0, 1〉 is a semi-Heyting algebra
with a dual quasi-De Morgan operation or dually quasi-De Morgan semi-Heyting
algebra (DQD-algebra, for short) if
〈L,∨,∧,→, 0, 1〉 is a semi-Heyting algebra, and L satisfies:
(a) 0′ ≈ 1 and 1′ ≈ 0,
(b) (x ∧ y)′ ≈ x′ ∨ y′,
(c) (x ∨ y)′′ ≈ x′′ ∨ y′′,
(d) x′′ ≤ x.
Let L be a DQD-algebra. L is a De Morgan semi-Heyting algebra (DM-algebra)
if L satisfies:
(DM) x′′ ≈ x.
L is a dually ms semi-Heyting algebra (Dms-algebra) if L satisfies:
(JDM) (x ∨ y)′ ≈ x′ ∧ y′ (∨-De Morgan law).
L is a blended dually quasi-De Morgan semi-Heyting algebra (BDQD-algebra) if L
satisfies the following identity:
(BDM) (x ∨ x∗)′ ≈ x′ ∧ x∗′ (Blended ∨-De Morgan law).
L is regular if L satisfies the following identity:
(R) x ∧ x+ ≤ y ∨ y∗, where x+ := x′∗′.
The reader should be cautioned that this notion of regularity is totally different
from the one used in [12].
The varieties of DQD-algebras, Dms-algebras, and DM-algebras are denoted,
respectively, by DQD, Dms, and DM. The variety of regular DQD-algebras will
be denoted by RDQD. DQDSt denotes the subvariety of DQD with Stone semi-
Heyting reducts. If the underlying semi-Heyting algebra of a DQD-algebra is a
Heyting algebra, then we add “H” at the end of the names of the varieties that
will be considered in the sequel; for example, DQDH denotes the variety of dually
quasi-De Morgan Heyting algebras.
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LEMMA 2.2. Let L ∈ DQD and let x, y, z ∈ L. Then
(i) 1′∗ = 1, and 1→ x = x,
(ii) x ≤ y implies x′ ≥ y′,
(iii) (x ∧ y)′∗ = x′∗ ∧ y′∗,
(iv) x′′′ = x′,
(v) x ∨ x+ = 1.
The following definition is from [12]; it helps us to classify subvarieties of DQD
by means of “levels”. It also plays a crucial role in describing an increasing sequence
of discriminator subvarieties of DQD (see [12] for more details).
DEFINITION 2.3. Let L ∈ DQD and x ∈ L. For n ∈ ω, we define tn(x)
recursively as follows:
x0(′∗) := x;
x(n+1)(′∗) := (xn(′∗))′∗, for n ≥ 0;
t0(x) := x,
tn+1(x) := tn(x) ∧ x
(n+1)(′∗), for n ≥ 0.
Let n ∈ ω. The subvariety DQDn of level n of DQD is defined by the identity:
(Ln) tn(x) ≈ t(n+1)(x);
For a subvariety V of DQD, we let Vn := V ∩DQDn. We say that Vn is “at
level n” or “of level n”.
It should be noted that, for n ∈ ω, the variety BDQDn, is a discriminator
variety ([12]).
3. The variety DM1 of De Morgan semi-Heyting algebras of level 1
It was proved in [15] that regular De Morgan semi-Heyting algebras of level 1
satisfy the Stone identity. The purpose of this section is to prove a more general
theorem which says that De Morgan semi-Heyting algebras of level 1 satisfy the
Stone identity.
The following Lemma, whose proof is immediate since x2(′∗) ≤ x in a DMSH-
algebra, gives an alternate definition of “level n”, for n ∈ N.
LEMMA 3.1. Let L ∈ DM and let n ∈ ω. Then L is at level n+1 iff L satisfies
the identity:
(L’n) (x ∧ x
′∗)n(′∗) ≈ (x ∧ x′∗)(n+1)(′∗).
Recall that DM1 denotes DMSH ∩DQD1.
In the rest of this section L ∈ DM1 and x ∈ L.
LEMMA 3.2. Let L ∈ DM1 and x ∈ L. Then, x
∗′ ∧ x′ ∧ x∗ = 0.
Proof.
x∗′ ∧ x′ ∧ x∗ = x∗′ ∧ (x′ ∧ x′′∗)′∗ by Lev 1 and (DM)
= x∗′ ∧ (x′′ ∨ x′′∗′)∗
= x∗′ ∧ (x ∨ x∗′)∗ by (DM)
≤ x∗′ ∧ x∗′∗
= 0.
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
We are ready to present our main theorem of this section.
THEOREM 3.3. Let L ∈ DM1. Then L satisfies Stone identity.
Proof. We have x∗′ ∧ x∗∗′ ∧ x∗ = x∗′ ∧ x∗∗′ ∧ (x∗∗ → 0) = x∗′ ∧ x∗∗′ ∧ [(x∗∗ ∧ x∗′ ∧
x∗∗′)→ 0], which, by Lemma 3.2, implies x∗′ ∧ x∗∗′ ∧ x∗ = x∗′ ∧ x∗∗′, from which,
in view of Lemma 3.2, we get x∗′ ∧ x∗∗′ = 0. Hence, x∗′′ ∨ x∗∗′′ = 1. which, by
(DM), implies x∗ ∨ x∗∗ = 1. 
COROLLARY 3.4. DM1 = DMSt1. In particular, DMH1 = DMStH1.
Recall that RDM1 denotes the variety of regular De Morgan semi-Heyting al-
gebras of level 1. The following result, proved in [15, Theorem 3.8], is now a special
case of the preceding corollary.
COROLLARY 3.5. [15, Theorem 3.8] RDM1 = RDMSt1.
It is natural to wonder if Theorem 3.3 can be further generalized. There are two
possible directions to try to generalize, which led us to ask if the theorem holds
in DM2 or in Dms1. However, the theorem fails in both cases, as shown by the
following two examples:
EXAMPLE 3.6. Theorem 3.3 fails in the variety DM2 as witnessed by the fol-
lowing algebra:
Let A = 〈A,∨,∧,→,′ , 0, 1〉be an algebra, with A = {0, a, b, c, d, e, 1}, whose lat-
tice reduct and the operatons → and ′ are defined in Figure 1. It is routine to verify
that that A ∈ DM2, but fails to satisfy the Stone identity (at b).
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Figure 1
→: 0 1 d e b c a
0 1 1 1 1 1 1 1
1 0 1 d e b c a
d b 1 1 1 b 1 1
e 0 1 d 1 b c c
b d 1 d 1 1 1 1
c 0 1 d e b 1 e
a 0 1 d 1 b 1 1
′: 0 1 d e b c a
1 0 e d c b a
Thus,DMSt2 ⊂ DM2. Also, since the algebra in Figure 1 is actually inRDM2,
we also have RDMSt2 ⊂ RDM2.
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EXAMPLE 3.7. The following algebra is in RDms1, but fails to satisfy the Stone
identity.
r1
4r
r2 r3
r
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❅
Figure 2
′: 0 1 2 3 4
1 0 1 1 1
→: 0 1 2 3 4
0 1 0 3 2 0
1 0 1 2 3 4
2 3 2 1 0 2
3 2 3 0 1 3
4 0 1 2 3 1
Thus, DmsSt1 ⊂ Dms1. In fact, RDmsSt1 ⊂ RDms1.
4. The level of the variety DmsSt of dually ms, Stone semi-Heyting
algebras
Recall that the variety of dually ms Stone semi-Heyting algebras, DmsSt, is
defined, relative to DQD, by the following identities:
(St) x∗ ∨ x∗∗ ≈ 1,
(JDM) (x ∨ y)′ ≈ x′ ∧ y′ (∨-De Morgan law).
Since DQD-algebras satisfy x′′ ≤ x, it is clear that the {∨,∧,′ }-reduct of a
DQD-algebra satisfying (JDM) is indeed a dual ms algebra.
In this section our goal is to show that the variety DmsSt lies at level 2, but not
at level 1. The following theorem, proved in [13, Theorem 2.5], gives an alternative
definition of DQDStn.
THEOREM 4.1. [13, Theorem 2.5] For n ∈ ω, DQDStn+1 is defined by the
identity: (x ∧ x′∗)n(
′∗) ≈ (x ∧ x′∗)(n+1)(
′∗), relative to DQDSt.
In particular, the variety DQDSt1 and DQDSt2 are defined, respectively, by
the identities: x∧x′∗ ≈ (x∧x′∗)′∗ and (x∧x′∗)′∗ ≈ (x∧x′∗)′∗′∗, relative to DQDSt.
Throughout this section, L denotes an algebra in DmsSt, and x ∈ L.
Let x+ := x′∗′.
LEMMA 4.2. x′ ∨ x∗′∗∗ = 1.
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Proof. Since x′∨x∗′∗ = (x′∨x∗′∗)∧ (x∧x∗)′ = (x′∨x∗′∗)∧ (x′ ∨x∗′) = x′∨ (x∗′∗∧
x∗′) = x′, we get
(1) x∗′∗ ≤ x′.
Hence, x′ ∨ x∗′∗∗ = x′ ∨ x∗′∗ ∨ x∗′∗∗ = 1, in view of (1) and (St). 
LEMMA 4.3. x∗′ ≤ x∗∗′∗.
Proof. x∗′∧x∗∗′∗ = x∗′∧ (x∗∗′ → 0) = x∗′∧ [(x∗′∧x∗∗′)→ (x∗′∧0)] = x∗′∧ [(x∗′∧
x∗∗′)→ 0] = x∗′ ∧ [(x∗ ∨ x∗∗)′ → 0] = x∗′ ∧ (0→ 0) = x∗′, in view of the identities
(JDM) and (St). 
LEMMA 4.4. x∗∗′ = x∗′∗. Hence, x∗+ ≤ x∗∗.
Proof. From the equation (1) of Lemma 4.2 and Lemma 4.3, we have x∗′ = x∗∗′∗,
from which, replacing x by x∗, we get x∗∗′ = x∗∗∗′∗, leading to x∗∗′ = x∗′∗. Hence,
x∗+ = x∗∗′′ ≤ x∗∗. 
LEMMA 4.5. x∗′′ = x∗.
Proof. From x∗ ∧ x∗∗′′ = 0, we have (x∗′′ ∨ x∗)∧ (x∗′′ ∨ x∗∗′′) = x∗′′, which implies
(x∗′′ ∨ x∗) ∧ (x∗ ∨ x∗∗)′′ = x∗′′, whence, by (St), we get x∗′′ ∨ x∗ = x∗′′. Thus we
can conclude that x∗′′ = x∗. 
LEMMA 4.6. x∗′′ ≤ x′∗′.
Proof. From x ∧ x∗′′ = 0 we have (x ∨ x′∗′) ∧ (x∗′′ ∨ x′∗′) = x′∗′, implying that
x∗′′ ≤ x′∗′, in view of Lemma 2.2 (v). 
LEMMA 4.7. x∗+ = x∗∗.
Proof. Applying Lemma 4.5 and Lemma 4.6, we get x∗ ≤ x+. Then, from Lemma
4.4, we have x∗∗ ≤ x∗+ ≤ x∗∗. 
We are now ready to prove our main theorem of this section.
THEOREM 4.8. The variety DmsSt is at level 2.
Proof. Let L ∈ DmsSt and let a ∈ L. Then, (a ∧ a′∗)′∗′∗ = (a′∗ ∧ a′∗′∗)′∗ =
(a′∗′ ∨ a′∗+)∗ = (a+ ∨ a′∗∗)∗ by Lemma 4.7. Hence, (a ∧ a′∗)′∗′∗ = a+∗ ∧ a′∗∗∗ =
a+∗ ∧ a′∗ = (a+ ∨ a′)∗ = (a′∗ ∧ a)′∗, in view of (JDM). 
Recall that DmsStH denotes the variety of dually ms, Stone Heyting algebras.
COROLLARY 4.9. DmsSt = DmsSt2. In particular,
DmsStH = DmsStH2.
The following corollary is now immediate.
COROLLARY 4.10. The variety DMSt of De Morgan Stone semi-Heyting al-
gebras is at level 2.
Proof. Observe that DMSt ⊂ DmsSt and apply Theorem 4.8. 
We note that Theorem 4.8 is sharp in the sense that it fails to satisfy the level
1 identity, as shown by the following example.
EXAMPLE 4.11. It is easy to see that the following algebra is in DmsSt; but
fails to satisfy the level 1 identity: x ∧ x′∗ = (x ∧ x′∗)′∗ at a.
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Figure 3
→: 0 1 a b c d
0 1 0 0 c b b
1 0 1 a b c d
a 0 1 1 b c c
b c b b 1 0 0
c b c d 0 1 a
d b c c 0 1 1
’: 0 1 a b c d
1 0 b b c 1
Let DmsL denote the subvariety of Dms defined by the following Lee’s identity
([4]):
(L) (x ∧ y)∗ ∨ (x∗ ∧ y)∗ ∨ (x ∧ y∗)∗ ≈ 1.
EXAMPLE 4.12. The following 15-element algebra whose universe is:
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, , 13, 14}, whose lattice reduct and the operations
→, ′ are given below, is in DmsL \ DmsSt and is at level ≥ 3, as the level 2
identity, (x∧ x′∗)′∗ ≈ (x∧ x′∗)′∗′∗, fails at 2. Thus, the variety DmsL is at a level
≥ 3. (We suspect, however, that its level is 3.)
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→: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
2 0 1 1 3 4 5 4 5 8 9 8 9 12 13 14
3 4 1 1 1 4 1 4 1 4 1 4 1 1 4 1
4 3 1 2 3 1 1 2 2 9 9 11 11 12 12 12
5 0 1 2 3 4 1 6 2 8 9 10 11 12 13 12
6 3 1 1 3 1 1 1 1 9 9 9 9 12 12 12
7 0 1 1 3 4 1 4 1 8 9 8 9 12 13 12
8 12 1 2 12 1 1 2 2 1 1 2 2 12 12 12
9 13 1 2 12 4 1 6 2 4 1 6 2 12 13 12
10 12 1 1 12 1 1 1 1 1 1 1 1 12 12 12
11 13 1 1 12 4 1 4 1 4 1 4 1 12 13 12
12 8 1 1 9 4 5 4 5 8 9 8 9 1 4 5
13 9 1 1 9 1 1 1 1 9 9 9 9 1 1 1
14 8 1 1 9 4 1 4 1 8 9 8 9 1 4 1
′: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1 0 3 2 8 10 9 11 8 10 9 11 12 1 2
Here is yet another direction to consider for a possible generalization of Theorem
4.8. Recall that BDQDSt denotes the subvariety of DQD defined by
(B) (x ∨ x∗)′ ≈ x′ ∧ x∗
(St) x∗ ∨ x∗∗ ≈ 1.
In this context, we have the following theorem, with M. Kinyon, which will be
published in a future paper.
THEOREM 4.13. The variety BDQDSt is at level 2.
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